The Minkowski metric in non-inertial observer radar coordinate; 
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We give a closed expression for the Minkowski (1 + 1) -dimensional metric in the radar coordinates 
of an arbitrary non-inertial observer O in terms of O's proper acceleration. Knowledge of the metric 
allows the non-inertial observer to perform experiments in spacetime without making reference to 
inertial frames. To clarify the relation between inertial and non-inertial observers the coordinate 
transformation between radar and inertial coordinates, also is given. We show that every conformally 
flat coordinate system can be regarded as the radar coordinate system of a suitable observer for 
a suitable parametrization of the observer worldline. Therefore, the coordinate transformation 
between arbitrarily moving observers is a conformal transformation and conformally invariant (1-1-1)- 
dimensional theories lead to the same physics for all observers, independently of their relative motion. 



I. INTRODUCTION 

Although the structure of special relativity is best ex- 
plained using inertial frames, it is natural to ask how 
Minkowski spacetime would appear to a non-inertial ob- 
server. The motion of a non-inertial observer is often 
studied in an inertial reference frame. However, it is more 
convenient to construct coordinates for the non-inertial 
observer and to express the metric in these coordinates. 
In this way the non-inertial observer does not need to 
communicate directly with inertial observers to interpret 
the results of her own experiments. Two observations will 
guide the mathematical derivations of this work, (a) The 
definition of the coordinates must be operationally clear. 
In (l-l-l)-dimensions there are many possible choices, but 
only radar coordinates are clear operationally. Other well 
known coordinates, such as Fermi coordinates are 
mathematically convenient but turn out to be difficult 
to interpret operationally, (b) The motion of the non- 
inertial observer influences the expression of the metric 
in the non-inertial coordinates. It is convenient to ex- 
press the motion of the non-inertial observer by means of 
her proper acceleration because this quantity is directly 
observable and makes no reference to external inertial 
frames. Following this strategy the non-inertial observer 
metric is expected to depend on the proper acceleration 
history of the non-inertial observer. 

We shall be particularly concerned with what can be 
actually measured by the non-inertial observer, and our 
construction will depend on an observable definition of 
the coordinates (radar coordinates) and on an observ- 
able and intrinsic description of the non-inertial observer 
motion (the proper acceleration). 

We consider a non-inertial observer O in unidirectional, 
but otherwise arbitrary, motion in the Minkowski two- 
dimensional spacetime of metric signature (-1 — ). The 
Minkowski metric is given by ds^ — dt^ — dx^ , where x 
and t are coordinates of an inertial frame K and where 
units have been chosen such that c= 1. Let 7(t) be the 
arbitrary timelike worldline of the non-inertial observer, 
r the proper time parametrization, and u^^ — dx'^/dr 
with fi = 0,1 the covariant velocity. 



As mentioned, the non-inertial observer can construct 
coordinates using different methods. The transforma- 
tion between inertial and non-inertial coordinates should 
reduce to a Lorentz transformation if the observer has 
vanishing acceleration. However, this requirement is 
too weak to determine a unique solution. There are at 
least three possibilities that have been considered: radar 
coordinateSjiSi^ Fermi coordinate3^*S4L£ and M0ller 
coordinates 

Even more possibilities arise if the observer is not re- 
garded as isolated, but as part of an extended reference 
frameii where no worldline has a privileged roleMii^ In 
this case the coordinate system also would depend on the 
rigidity assumptions that constrain the frame i^^ti^iiSiil 

Here we shall focus on radar coordinates. They are 
commonly used in the study of acceleratingiii and rotat- 
ing systems in special relativityiiSiiS These coordinates 
are not related to measurements performed with stan- 
dard rods and clocks. They are just convenient labels of 
spacetime events. However, in the neighborhood of the 
observer worldline, because they approximate the coor- 
dinates of a comoving inertial frame, they represent mea- 
surements performed by rods and clocks. For example, 
the radar distance becomes the distance that would be 
measured using standard rods.^ 



II. RADAR COORDINATES AND PROPER 
ACCELERATION 

Radar coordinates are defined as follows. Let be a 
spacetime event and consider the light beam L2 emitted 
at E. It reaches O's worldline at the proper time T2{E). 
Consider also the light beam Li that was emitted at a 
suitable proper time ti{E) and reaches E. By using the 
radar procedure, the observer O assigns to a time label 
given by {t2{E) -\- ti{E))/2. Note that HE = -/{t), then 
the time label assigned to E is just r. For this reason the 
time label will be denoted by the same symbol 



TiE) 



T2{E)+Tl{E) 



(1) 
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Next O assigns to the event a radar distance given by 

T2{E)-T^{E) 



d{E) 



(2) 



It is more convenient to define a spatial coordinate x 
rather than a distance, and we define x = ic? with the 
plus sign if E stays to the right of the curve 7(t) or the 
minus sign if E stays to the left. It also is convenient to 




FIG. 1: Definition of and r . 

introduce the quantities t+(£') and t~{E) (see Fig. Ill)l . 
These quantities coincide respectively with T2{E) and 
Ti{E) if E stays to the right of the curve 7(t), and in 
the opposite case, they coincide respectively with ti{E) 
and T2{E). We can say that t+ determines the inter- 
section event between 7 and a light beam moving from 
the right to the left, and t~ determines the intersection 
event between 7 and a light beam moving from the left 
to the right. With these definitions we have the radar 
coordinates 



t{E) 
X{E) 



T+{E) + T-{E) 
2 

T+{E) -T-{E) 



(3) 
(4) 



where t^[E) and t~{E) are directly observable quanti- 
ties. The radar coordinates are defined in the intersec- 
tion between the causal future and the causal past of the 
curve 7. Outside this region, T2, or ti, or both, are not 
defined. A typical example is the constant acceleration 
case. Only the events in the Rindler wedge, —x < t < x, 
admit two light beams passing through them that inter- 
sect the curve 7, thus defining T2 and ti. 

If we introduce the coordinates x^ — t ± x, then the 
Minkowski metric takes the form 



dx^dx 



(5) 



Note that the events with a given value of lie in a plane 
of equation x^ = constant. This fact will be central in 
what follows and justifies the introduction of t+ and 
in place of T2 and ti. 



Finally, we introduce the acceleration of the non- 
inertial observer given by = V„u^, where V is the 
Levi-Civita connection of the Minkowski metric ds^ — 
g^^dx'^dx'^ , that is, if -y is a vector field, (V„u)" — 

V'^'^U'^ + T'^^V'^U'', where = lg<-P{gf,^^^,+gp,^^-g^^^^) 

are the Christoffel coefficients. In inertial frame coordi- 
nates (7^1/ = ?7^i/ and = 0. Because u ■ u = 1, we 
have a • u = 0, and hence a is spacelike. Let ei be the 
normalized (ei ■ ei = —1) spacelike vector orthogonal to 
u and oriented toward increasing x {ei[x] > 0). Because 
a • M = 0, we have 



(6) 



where a is the acceleration of O with respect to the local 
inertial frame. In other words, — a(r) is the apparent ac- 
celeration of free particles with respect to the accelerated 
observer. 



III. THE MINKOWSKI METRIC IN RADAR 
AND FERMI COORDINATES 

Our goal is to prove the the following result: In the 
radar coordinates (t, x) , the Minkowski metric takes the 
form 



ds^ 



f"+>: a(T')dT' 



idr' - dx' 



(7) 



This result generalizes to arbitrary motion the constant 
acceleration case considered by Lass2£ for which he finds, 
given certain assumptions, that 



ds^ ^e^'^^idr^ -dx^). 



(8) 



The fact that the coordinates r and x radar coordi- 
nates of the uniformly accelerated observer was pointed 
out later,2i Th e cons tant acceleration case is also dis- 
cussed in Refs. 15 22,23 24. It is remarkable that the 
problem can be solved without restricting assumptions. 
Note that at time r the non-inertial observer knows the 
spacetime coordinates (r, x) of the events in the causal 
past of 7(t). At the same time the observer can imme- 
diately calculate the metric in its causal past from the 
knowledge of the acceleration a as measured by a comov- 
ing accelerometer. It also is interesting that the metric 
at the event E is determined by the acceleration of the 
observer in events that are spacelike separated from E. 
Indeed, the integral that appears in Eq. lO is between 
T^{E) and r+(_E). From Eq. iQ we see that the radar 
coordinates are conformally related with the inertial co- 
ordinates. Thus the speed of light in radar coordinates is 
equal to one in both directions, indeed ds^ = implies 

\dx/dT\ = 1. 

The proof of {Tj) goes as follows. Because the level set 
of the function coincides with that of the function x^ , 
there exist functions g"*" and g^ such that 

x+=g+{T+), 
x~ = ff"(r"). 



(9a) 
(9b) 
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We therefore have 

ds^ = g+'iT+)g-'{T-)dT+dT- (10a) 
= 9+'ir+)g-'{T-){dT'~dx'). (10b) 

The worldhne 7 satisfies x = Oj ^^id along this worldHne, 
ds — dr and ~ — r; thus {T)g~ (j) = 1. This 
argument, which also can be found in Jones allows us 
to conclude that there is a function G(r) such that 

5±(t)=/ e±^("')dT' + C±, (11) 
Jo 

where is an integration constant. The metric takes 
the form 

ds^ = e«(^+x)-^("-x)(rfT2 - dx'). (12) 
This metric shows that ei = d/dx along the worldlinc 

x = o. 

Now we make a little digression and consider a different 
problem. Let g'^^j = VP'g^v be two conformally related 
metrics. The geodesies of are extremals of the length 
functional 

(13) 

Let u'^ — dxf^/ds with ds^ — gf^^dx'^dx'^ . If we take the 
variational derivative of /[7], we obtain 

g^.^yuu" = ((5^ - u"Uf,)da, In 17, (14) 

where V is the Levi-Civita connection of g^,^. 

We return to our original problem, and let g — dt^~dx^ 
be the Minkowski metric, g' — dr"^ — dy^ , and = 
^G(t+x)-G(t-x) ^ worldline x = is clearly a geodesic 
for the metric g\ and therefore if and are the co- 
variant velocity and acceleration of O, we have 

aM = -^('5^-"V)[9c.G(r + x)lx=o-5„G(r-x)lx=o]. 

(15) 

The product of l(TK|l with gives 

= \[dxG{T + x)lx=o - d^G{T - x)\x=o] = G'{t), 

(16) 

from which it follows that 

G{t)= r a{T')dT' + G{0). (17) 
Jo 

If we substitute Eq. (fTTjl into Eq. ifT^ . we obtain Eq. ((T)). 
The coordinate transformation between (r, x) and 



{t, x) can be found from Eqs. Q and (|11|) 

where 'y(O) and and {t{Q),x{0)) are the velocity and po- 
sition of O with respect to K at t = 0. For a = 
this transformation becomes a Poincare transformation 
between an inertial frame moving at speed v(0) and K. 

It is interesting to compare these results with the anal- 
ogous results obtained for the Fermi coordinates. The 
accelerated observer sets up Fermi coordinates (t/, x/) if 
two conditions are fulfilled: (1) the simultaneity slices, 
Tf — constant, are lines perpendicular to the observer 
worldline, and (2) given the event E, Xf{E) is, up to a 
sign, the length of the geodesic segment that lies in the si- 
multaneity slice and that connects E with the observer's 
worldline. In the 1-1-1 case, the coordinate transfor- 
mation from Fermi to inertial coordinates was derived 
in R ef . l26l and studied in Ref. |27t The main result of 
Refs. l26l andl2^ is quite elegant. We summarize it in the 
following. For a proof we refer the reader to the original 
workSSiSi or to the problems in Sec. IVII where a more 
direct derivation is proposed. 

Let {T{t),X{t)) be the trajectory of the non-inertial 
observer O with respect to an inertial frame of coordi- 
nates {t,x), where r is O's proper time, and let (rf^Xf) 
be Fermi coordinates set up by O. Then 

t = T{Tf)+XfX{Tf), (20) 

X^X{Tf)+Xff{Tf), (21) 

and the metric takes the form 

ds'^[l + a{Tf)xf?dTf-dx}, (22) 

where a(T) is the acceleration with respect to the local 
inertial frame. For a constant acceleration a, this metric 
is well known. It is remarkable that it changes only min- 
imally, through the dependence of a on the proper time, 
when a is allowed to change. 

IV. AN INVERSE RESULT 

The radar coordinates of O are obtained from the 
proper time measurements and . Suppose that 
O parametrizes the worldline 7 using a new parameter 
T = /(r) with /' > 0. Moreover, suppose that O still 
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makes use of the radar method in order to extend a co- 
ordinate system over spacetime. In place of r^, the ob- 
server measures = fi^^) a-nd assigns to the generic 
event E with coordinates (r, x) the coordinates 



r 



X 



fir + x) + fir-x) 
2 

f{r + x)-fir~x) 



(23) 
(24) 



Transformations of this form are caUed worldline 
reparametrizations independently of the physical inter- 
pretation of the coordinates. Given a worldline 7, the 
worldline reparametrizations form a group of coordi- 
nate transformations; in this group there is a particu- 
lar choice of coordinates that corresponds to the proper 
time paramctrization that ultimately is used in practice. 
In what follows all the coordinate systems in the group 
will be considered as radar coordinates for the worldline 
7. We shall say that (T, X) are radar coordinates of 
the parametrized curve ^{T), while (t, x) are radar co- 
ordinates of the parametrized curve 7(t) (proper radar 
coordinates). 

We found in Sec. IIIII that the radar coordinates are 
conformally related with the inertial coordinates. Now 
we give a result that may be thought of as the inverse of 
this result. We recall that (T, X) are conformally flat co- 
ordinates if the metric (in our case the Minkowski metric) 
takes the form ds^ = n{T , X)^{dT^ - dX^) for a suitable 
positive function H. Let R be the coordinate transfor- 
mation from the inertial coordinates {t, x) to the confor- 
mally flat coordinates {T,X), that is, {T,X) = R{t,x), 
and define the coordinates (T', X') = Ro P(t, x), where 
P is a Poincare transformation. Then the spacetime 
metric in the primed coordinates has the same func- 
tional dependence as the unprimed coordinates, ds^ = 
n{T',X'f{dT'^ - dX'^). We stress that (T, X), and 
(T', X') are distinct conformally flat coordinates. 

Note that if (T, X) is a conformally flat coordinate 
system, then dx is timelike and either past-pointing or 
future-pointing. Analogously dx is spacelike and either 
left-pointing or right-pointing. We restrict our attention 
to a conformally flat coordinate system for which dx is 
future-pointing and dx is right-pointing. Otherwise, we 
have only to make the replacement T — > — T or/and 
X —^ —X . We shall call them oriented conformally flat 
coordinate systems. 

Our goal is to prove the following statement: If 
(T, X) are oriented conformally flat coordinates in 1 + 1 
Minkowski spacetime, then (T, X) are radar coordinates 
of the parametrized curve 7(T) of the equation X = 0. 
An important consequence of this result is that up to 
worldline reparametrizations, there is a one-to-one cor- 
respondence between oriented conformally flat coordi- 
nate systems in 1 + 1 Minkowski spacetime and observers 
(timelike worldlines). 

The proof goes as follows. Define = T ± X, 
the level sets = constant are null, and hence 
is a invertible function of x^. (We use the fact that 



dx is future-pointing and dx is right-pointing.) If we 
use this functional dependence in the metric, we ob- 
tain dx~^dx^ = VL^dT^dT~ , and it follows that Vl^ = 
exp[H"'"(T"'") -I- H~{T~)] for suitable functions and 
. The same result could have been derived by noting 
that the Ricci scalar in two spacetime dimensions reads;^ 
R = — r2~^(i9|- — (?^)lnrj^; because we are assuming a 
flat metric, i? = 0. We define the functions 



F ■ 



G 



H+ + H- 



H+ - H- 



Then 



(25) 
(26) 

(27) 



Next, introduce the coordinates (t, %) and the corre- 
sponding through the worldline reparametrization, 
Eqs. m and m, or r± = f-\T^), f-\f{y)) = V 
with f-^{r) = JI[ e^^^">dT'. In addition, we define 
G(r±) = G(/(t±)) and obtain 



ds^ = eG(.+)-G(r-)^^+^^- 



(28) 



Let 7 be the timelike curve X = 0. The Eq. (|28|l shows 
that T is the proper time parametrization of 7. Indeed, 
the spacetime functions coincide on 7 with the curve 



parametrization 



T|^, and hence t+|^ 



T and from Eq. (|28|l . ds — dr. According to the results 
of Sec. IIIII Eq. H28|) shows that the acceleration of 7 is 
a(T) = G'{t). The coordinates (r, x) are therefore the 
proper radar coordinates of 7, and hence (T, X) are radar 
coordinates with respect to the worldline parametrization 



V. SUMMARY 

We have given the transformation between the radar 
coordinates of an arbitrarily accelerating observer and 
the radar coordinates of an inertial observer. A closed 
expression for the spacetime metric in the former coordi- 
nates in terms of the acceleration of the non-inertial ob- 
server also has been given. Then we showed that every 
oriented conformally fiat coordinate system represents, 
up to a worldline reparametrization, an observer. Be- 
cause every observer is represented by an oriented confor- 
mally flat coordinate system, the coordinate transforma- 
tion between two arbitrary observers is a conformal trans- 
formation. Therefore, a ( 1 -I- l)-dimensional theory invari- 
ant under conformal transformations would give rise to 
the same physics for all the observers independently of 
their relative motion. This symmetry should be broken 
by a Lagrangian that defines a realistic physical theory. 
Otherwise, it would be impossible to measure the accel- 
eration with an accelerometer. 
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These considerations are related to analogous conclu- 
sions that have been reached in higher dimensional cases. 
Because the conformal group has only fifteen generators 
for more than two dimensions, it can represent only the 
coordinate transformations between uniformly acceler- 
ated observersi^S^ (This case should be compared with 
the two-dimensional case considered here where the con- 
formal group has an infinite number of generators.) Be- 
cause Maxwell's equations are invariant under conformal 
transformations, they determine a physics that would ap- 
pear to be the same in uniformly accelerating and iner- 
tial frames. However, the mass term in the Lorentz force 
equation ultimately spoils the symmetry, leading to the 
possibility of determining the acceleration of a frame by 
looking at the motion of charged particlesi^SiS 



Problem 2. Verify that the coordinates (t/, which 

satisfy Eqs. (|2()|l and (|21|l . are Fermi coordinates by prov- 
ing that (a) the simultaneity slices, rj — constant, are 
lines orthogonal to the observer worldline. (Use the fact 
that the observer's covariant velocity u — (T, X) is or- 
thogonal to the normalized spacelike vector ei ~ {X,T) 
that enters in the transformation law in vectorial form.) 
(b) The distance of the observer worldline {T{t),X{t)) 
from the event (i, x) along the simultaneity slice is given 
by Xf (because r is a proper time — = 1). Re- 
call from Eq. © that = a(T)e^, where a(T) is the 
acceleration of O with respect to the local inertial frame. 
Prove that f{T) = a(T)X(r) and X{t) ^ a{T)f{T) and 
use these relations to derive Eq. (|22|) . 



VI. SUGGESTED PROBLEMS 
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